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ABSTRACT
In a recent paper we have discussed the higher order singularities in gravitational
lensing. We have shown that a singularity map, comprising of A3-lines and unstable
(point) singularities (A4 and D4), is a compact representation of high magnification
regions corresponding to a given lens model for all possible source redshifts. It marks
all the optimal locations for deep surveys in the lens plane. Here we present singu-
larity maps (following Meena & Bagla (2020)) for ten different cluster lenses selected
from the Hubble Frontier fields (HFF) and the Reionization Lensing Cluster Survey
(RELICS) surveys. We have identified regions in the lens plane with a high magnifi-
cation for sources up to redshift ten. To determine the dependence of unstable (point)
singularities on lens mass model reconstruction techniques, we compared singularity
maps corresponding to the different mass models (provided by various groups in the
HFF survey) for each cluster lens. We find that the non-parametric (free-form) method
of lens mass reconstruction yields the least number of point singularities. In contrast,
mass models reconstructed by various groups using a parametric approach have a sig-
nificantly larger number of point singularities. We also estimate the number of galaxies
lying near these unstable (point) singularities, which can be observed with the James
Webb Space Telescope (JWST). We find that we expect to get at least one hyperbolic
umbilic and one swallowtail image formation for a source at z > 1 for every five clusters
with JWST. These numbers are much higher than earlier estimates.
Key words: gravitational lensing: strong – galaxies: clusters: individual (Abell 370,
Abell 2744, Abell S1063, MACS J0416.1-2403, MACS J1149.5+2223, MACS J0159.8-
0849, MACS J0308.9+2645, PLCK G171.9-40.7, PLCK G287.0+32.9, SPT-CLJ0615-
5746)
1 INTRODUCTION
Galaxy clusters with strong gravitational lensing are a very
powerful tool to study the physics of the Universe (Bland-
ford & Narayan 1992). The large magnification factor in
cluster lenses allows us to observe distant sources (which
otherwise would have remained unobserved) and help us un-
derstand the evolution of galaxies in the universe (Jullo, et
al. 2010; Kneib & Natarajan 2011; Atek, et al. 2018). On
the other hand, the strongly lensed background objects help
us to constrain the mass distribution within these cluster
lenses, hence, helping us to understand different processes
going on inside these galaxy clusters (Puchwein, et al. 2005;
Bergamini, et al. 2019). After the discovery of the first clus-
ter lens system (Soucail, et al. 1988), extensive work has
? E-mail: ashishmeena@iisermohali.ac.in
† E-mail: jasjeet@iisermohali.ac.in
been done dealing with both theoretical and observational
aspects of cluster lensing. On the theoretical side, differ-
ent methods have been developed to reconstruct the clus-
ter mass distribution using the strongly lensed background
sources (Broadhurst, et al. 2005; Diego, et al. 2005; Jullo, et
al. 2007; Liesenborgs, et al. 2007; Coe, et al. 2008), and de-
tailed studies have been done to use cluster lenses to probe
the Universe (Bartelmann, et al. 1998; Meneghetti, et al.
2013; Boldrin, et al. 2016). Several surveys have been car-
ried out to increase the number of known strong lens systems
in order to improve the quality of theoretical findings (CAS-
TLES: Mun˜oz, et al. (1998), CLASS: Chae (2003), CLASH:
Postman, et al. (2012), HFF: Lotz, et al. (2017), RELICS:
Coe, et al. (2019)).
Almost all clusters behave as gravitational lenses. How-
ever, not every source lying behind a cluster is magnified by
a large factor. Only sources lying near the caustics in the
source plane are highly magnified. The factor by which a
© 2020 The Authors
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source is magnified also depends on the source size: smaller
the source, higher the magnification factor (Kelly, et al.
2018). For a given lens system, the caustic structure in the
source plane is sensitive to the source redshift. As a result,
the area in the source plane that is highly magnified, changes
as one varies the source redshift. Unlike galaxies, clusters
are very complex structures due to the presence of numerous
substructures. A galaxy can be modeled by using a single el-
liptical profile, whereas the modeling of cluster lenses needs
to take into account the presence of various substructures
like individual galaxies or groups of galaxies. This can also
be seen in the evolution of caustic structure in the source
plane with redshift. The evolution of caustics with redshift
mainly includes the formation and destruction of cusps, the
exchange of cusps between radial and tangential caustics, in
such a way that the total number of cusps in source plane al-
ways remains even. Curves corresponding to caustics in the
lens plane are known as critical curves. Highly magnified
images of a strongly lensed source are formed in close vicin-
ity of these critical curves. These high magnification regions
produced by cluster lenses can help us to observe galaxies
at very high redshifts (z > 5) including the first galaxies.
Such highly magnified systems have already been encoun-
tered in different lensing surveys (Bradley, et al. 2008; Coe,
et al. 2013; Watson, et al. 2015). At present, the number
of such systems is small as lensed galaxies are very faint,
and the number density of galaxies at these high redshifts
is small. However, the number of such strong lens systems
is expected to increase by more than an order of magnitude
with the upcoming facilities like EUCLID: (Laureijs 2009),
JWST: (Gardner, et al. 2006), LSST: (Ivezic´, et al. 2019),
WFIRST: (Akeson, et al. 2019).
In our current work, we locate the highly magnified re-
gions in the lens plane, for all source redshifts, for ten dif-
ferent cluster lens systems from the Hubble Frontier Fields
Survey (HFF) and the Reionization Lensing Cluster Sur-
vey (RELICS). The algorithm to do this has been presented
and discussed in Meena & Bagla (2020) (hereafter paper I).
As discussed in paper I, a singularity map consisting of A3-
lines and unstable (point) singularities is ideal for our study.
These point singularities (swallowtail, hyperbolic umbilic,
elliptic umbilic) are formed only for some specific source
redshifts and specific source positions in the source plane.
Apart from that, every point singularity comes with a char-
acteristic image formation. A3-lines correspond to cusp in
the source plane and these are present over a wide range
of source redshifts. As cusps are stable singularities, these
are continuous lines instead of points in the singularity map,
with points corresponding to different source redshifts. The
image formation corresponding to structures (A3-lines and
point singularities) in singularity maps (for the appropriate
source redshift) shows three or more highly magnified im-
ages lying near each other in a small region of the lens plane
in the vicinity of the singularity. The singularity maps cor-
responding to cluster lenses not only point out the highly
magnified regions in the lens plane but are also sensitive
to the lens mass reconstruction techniques. Here we also
compare different mass models corresponding to each clus-
ter lens. These mass models are reconstructed using different
(parametric and non-parametric) methods. The comparison
has been done to see how sensitive the A3-line structure and
the total number of point singularities is to the cluster mass
reconstruction method as different approaches use different
sets of underlying assumptions.
Apart from locating the highly magnified regions in the
lens plane and looking at the effect of mass reconstruction
methods on the singularity map, the other important point
that has been discussed (Orban de Xivry & Marshall 2009),
is to estimate the expected number of source galaxies ly-
ing near the point singularities. This allows us to estimate
the probability of observing these characteristic image for-
mations in the upcoming large scale surveys. In order to do
so, we require the distribution of galaxies as a function of
redshift. This can be determined from the galaxy luminosity
function (GLF) and the Schechter function (Schechter 1976)
is widely used to parametrize it. Various studies using dif-
ferent surveys have been carried out to determine the rest
frame GLF as a function of the redshift in different wave-
length bands (UV:Ono, et al. (2018); Bowler, et al. (2020);
Moutard, et al. (2020), IR: Cirasuolo, et al. (2007, 2010);
Mortlock, et al. (2017)). Different groups have estimated
the number of galaxies that may be observed with JWST
considering different models of galaxy formation and evo-
lution (Cowley, et al. 2018; Williams, et al. 2018; Yung, et
al. 2019). Following Cowley, et al. (2018), we estimate the
number of exotic images that may be observed with JWST
in one of the NIRCam bands.
This paper is organized as follows. In §2, we briefly re-
view the basics of the stable and unstable (point) singu-
larities in gravitational lensing. The cluster lenses used in
the present analysis are enumerated in §3. The results are
presented in §4. The construction of singularity maps for dif-
ferent cluster lenses is discussed in §4.1. Discussion of sta-
bility of singularity maps is presented in §4.2. In §4.3, we
estimate the number of strongly lensed galaxy sources with
characteristic image formations near these point singulari-
ties, that can be observed with the JWST. In §4.4 we discuss
the possibility of constraining the source redshift using point
singularities. Summary and conclusions are presented in §5.
We also discuss the future work in this section. The cosmo-
logical parameters used in this work to calculate the various
quantities are: H0 = 70 kms−1Mpc−1, ΩΛ = 0.7, Ωm = 0.3.
2 SINGULARITIES IN GRAVITATIONAL
LENSING
We briefly review different kinds of singularities that occur
in gravitational lensing in order to set up notions and nota-
tion. For a detailed discussion please see paper I and for a
pedagogic discussion you may see Schneider et. al. (1992).
The magnification factor of an image formed at x in lens
(image) plane is given by:
µ (x) = 1(1 − aα) (1 − aβ), (1)
where a = Dds/Ds and α and β (α ≥ β) are the eigenval-
ues of the deformation tensor, ψi j (a 2×2 symmetric matrix
made of second order partial derivatives of the lens poten-
tial) and Dds and Ds are the angular diameter distances
between lens and source, and observer and source, respec-
tively. The points in the lens plane where the magnification
factor goes to infinity are the singular points of the lens
mapping. These points form smooth closed curves known as
MNRAS 000, 1–11 (2020)
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Table 1. Cluster lenses used in current analysis: The upper half of the table lists the cluster lenses taken from the Hubble Frontier
fields (HFF) survey, whereas the lower part of the table has details of the cluster lenses from the Reionization Lensing Cluster Survey
(RELICS). For the HFF clusters, four different mass models provided by Keeton, Sharon, Williams, and Zitrin (zitrin nfw) groups are
used. For the RELICS clusters multiple lens models including parametric and non-parametric reconstruction are not available, so we
used only one mass model provided by Zitrin group (zitrin ltm gauss) for each cluster. The version and the resolution of these mass
models is listed below.
HFF Clusters
Keeton Sharon Williams Zitrin
Abell 370 (A370) v4(0.06”) v4(0.05”) v4(0.05”) v1(0.050”)
Abell 2744 (A2744) v4(0.06”) v4(0.05”) v4(0.05”) v3(0.060”)
Abell S1063 (AS1063) v4(0.06”) v4(0.05”) v4(0.05”) v1(0.065”)
MACS J0416.1-2403 (MACS0416) v4(0.06”) v4(0.05”) v4(0.05”) v3(0.060”)
MACS J1149.5+2223 (MACS1149) v4(0.06”) v4(0.05”) v4(0.05”)
RELICS Clusters
Zitrin
MACS J0159.8-0849 (MACS0159) v1(0.06”)
MACS J0308.9+2645 (MACS0308) v1(0.06”)
PLCK G171.9-40.7 (PLCKG171 v1(0.06”)
PLCK G287.0+32.9 (PLCKG287) v1(0.06”)
SPT-CLJ0615-5746 (SPT0615) v1(0.06”)
critical curves in the lens plane. The corresponding curves
in the source plane are known as caustics. The caustics are
also closed curves though not necessarily smooth: these are
made up of smooth segments with cusps. The smooth part
of caustics are called folds.
As discussed in the paper I, there are two different kinds
of singularities in gravitational lensing: stable and unstable.
Fold and cusp fall into the stable category as they are present
for all possible source redshifts if the lens is critical. The set
of points corresponding to cusps in the lens plane form lines
known as A3-lines. On the other hand, each of the unstable
singularities (also known as point singularities), only exist
for a specific source redshifts for a given lens system. All the
point singularities are located on the A3-lines. One can clas-
sify different point singularities using eigenvalues and eigen-
vectors of the deformation tensor. These different point sin-
gularities, along with the A3-lines, constitute a singularity
map for a given lens model. In lens plane, A3-lines locate the
points where the gradient of the deformation tensor eigen-
value is orthogonal to the corresponding eigenvector, i.e.,
nλ.∇xλ = 0. There are two A3-lines, one corresponding to
α and the other corresponding to β eigenvalue of the de-
formation tensor. In the source plane, these two A3-lines
correspond to the cusps on tangential and radial caustics,
respectively.
The point singularities not only satisfy the A3-line con-
dition but also satisfy additional criteria depending on the
type of the singularity. For example, the swallowtail singu-
larities indicate the points where eigenvector nλ of the defor-
mation tensor is tangent to the corresponding A3-line. The
corresponding characteristic image formation is a tangen-
tially or radially elongated arc made of four images (please
see paper I for details). On the other hand, the hyperbolic
and elliptic umbilics denote the point where A3-lines corre-
sponding to the different eigenvalues meet with each other.
At hyperbolic umbilic, two A3-lines (one corresponding to
α and one corresponding to β eigenvalue) meet with each
other, whereas at elliptic umbilic six A3-lines (three corre-
sponding to α and three corresponding to β eigenvalue) meet
with each other. The characteristic image formation for hy-
perbolic umbilic is a ring shaped (not Einstein ring) struc-
ture made of four images. Whereas elliptic umbilic gives Y-
shaped seven image configuration with six radially elongated
images with respect to the seventh central image (please see
paper I for details). As we know that A3-lines trace the lo-
cation of cusps in the source plane, these point singularities
represent the creation of an extra pair of cusps or an ex-
change of cusps between tangential and radial caustics in
the source plane. These point singularities depend on the
second and higher-order derivatives of the lens potential,
hence, they are very sensitive to the lens potential. It is
noteworthy that to date, we have only observed one charac-
teristic image formation near hyperbolic umbilic (Limousin,
et al. 2008; Orban de Xivry & Marshall 2009), a handful of
image formations near swallowtail singularity (Abdelsalam,
Saha & Williams 1998; Suyu & Halkola 2010) and (to the
best of our knowledge) no image formation near elliptic um-
bilics.
A singularity map is a compact representation of a given
lens model, and as discussed above, by locating A3-lines and
the point singularities, it finds all the high magnification re-
gions in the lens plane. These A3-lines are the obvious targets
for the deep-surveys for the given lens. In the following sec-
tions, we will construct singularity maps for different cluster
lenses and look at the effects of the various mass reconstruc-
tion methods on the singularity map for a given lens.
3 CLUSTER LENSES
In this section, we briefly discuss the cluster lenses used to
construct and study the singularity maps. Preliminary anal-
ysis in this direction consisting of ideal lens models and one
real cluster lens, Abell 697, has been presented in paper I. In
the present analysis, we selected ten clusters for a detailed
MNRAS 000, 1–11 (2020)
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Figure 1. Singularity map for the A370 cluster lens corresponding to mass models provided by four different groups (Keeton, Sharon,
Williams, Zitrin): The red and green lines represent the A3-lines corresponding to the tangential and radial cusps, respectively. The blue
points denote the umbilics (hyperbolic and elliptic). At hyperbolic umbilics, one red and one green line meet with each other, whereas at
elliptic umbilic, three red and three green lines meet. The cyan and magenta points represent the swallowtail singularities corresponding
to the Aα3 and A
β
3 -lines. The shaded regions in the lower right panel mark the noisy region in the singularity map. These regions are not
included in further calculations.
study of their singularity maps. Five out of these ten clusters
were chosen from the Hubble Frontier Fields (HFF) survey
(Lotz, et al. 2017) 1 and the other five were chosen from
the Reionization Lensing Cluster Survey (RELICS) (Coe,
et al. 2019) 2. The cluster lenses used in current study are
described in Table 1. The table provides relevant details,
1 https://archive.stsci.edu/prepds/frontier/
2 https://archive.stsci.edu/prepds/relics/
e.g
”
the resolution and the version of the mass models cor-
responding to various groups of modellers.
The HFF program targets a total of six massive merging
clusters to study the distant, faint sources and the cluster dy-
namics (please see Lotz, et al. (2017) for further details). Our
analysis requires a model for the gravitational lenses. Mass
reconstruction of the clusters has been attempted by multi-
ple groups (Diego, et al. 2005; Merten, et al. 2011; Jauzac, et
al. 2014; Johnson, et al. 2014; McCully, et al. 2014; Grillo, et
al. 2015; Hoag, et al. 2016; Caminha, et al. 2017; Kawamata,
MNRAS 000, 1–11 (2020)
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Figure 2. Singularity map for the MACS1149 cluster lens corresponding to four different resolution values, 0.20”, 0.10”, 0.05”, 0.02”.
The color scheme of is similar to the figure 1. As expected increasing the resolution of the mass map helps in resolving the small scale
structures in the singularity maps. Increase in resolution does not introduce any significant extra structures in the singularity map.
et al. 2018) using different approaches. The data from the
observations is finite, one cannot model these cluster lenses
with arbitrary precision and resolution. Different groups use
different methods to reconstruct the cluster lens mass distri-
bution; for example, some groups use parametric modeling
(including the light distribution of cluster galaxies, some pre-
ferred profile for the mass of cluster substructures) whereas
some other groups use the non-parametric approach which
does not rely on any assumption. Some groups also use hy-
brid methods which take inputs from both parametric and
non-parametric approaches (please see Priewe, et al. (2017);
Meneghetti, et al. (2017) for a comparison of different mod-
eling techniques). In our work, for five different HFF clus-
ters, we use lens models provided by four different teams,
Keeton, Sharon (Jullo, et al. 2007; Johnson, et al. 2014),
Williams (Liesenborgs, et al. 2007) and Zitrin (Zitrin, et al.
2009, 2013) (in case of Zitrin group we use mass models re-
constructed using NFW profile, i.e., zitrin nfw) to construct
the singularity maps for an HFF cluster. We chose the cen-
tral region of every cluster for our analysis, as these regions
are responsible for the strong lensing. The size of the central
part which we chose depends on the resolution of the lens
model. In our analysis, we decided to use square regions
with a side of 40”. For low-resolution cluster lens models,
MNRAS 000, 1–11 (2020)
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Figure 3. The cumulative number of source galaxies near point singularities as a function of redshift for A370 galaxy cluster: the y-axis
shows the number at redshifts higher than z. Different panels are corresponding to different singularity maps in figure 1, respectively.
The solid lines represent the galaxy numbers calculated using the fiducial model used in C18, whereas the dashed lines indicate the
galaxy numbers calculated using the model with evolving feedback (please see C18 for more details). The black and red lines denote
the cumulative galaxy numbers corresponding to the hyperbolic and elliptic umbilic point singularities, respectively. Similarly, green and
blue lines represent the cumulative galaxy numbers corresponding to the swallowtail singularities for Aα3 - and A
β
3 -lines, respectively.
the choice of a large area introduces noise, and this affects
the reliability of that particular singularity map as the noise
can introduce spurious singularities. For the HFF cluster
lenses, the central (ra, dec) values of the Sharon group are
considered as standard values whenever we compare differ-
ent singularity map for an HFF cluster. This is for ensuring
uniformity and the choice does not arise from any preference
for one set of models.
RELICS consists of a total of 41 cluster lenses (please
see section 2 in Coe, et al. (2019)). For RELICS cluster
lenses, we do not have as many mass models as we have in
the case of HFF clusters. Therefore for RELICS clusters, we
cannot perform a comparison between different mass model
reconstruction techniques. Hence, in our current study, we
only use one mass model for five different RELICS clusters
to construct the singularity maps (see Table 1). The mass
models considered here for RELICS clusters are paramet-
ric in nature and constructed by the Zitrin group using the
MNRAS 000, 1–11 (2020)
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Figure 4. The total cumulative number of the source galaxies near point singularities as a function of redshift corresponding to the five
of the HFF clusters, namely, A370, A2744, AS1063, MACS0416, and MACS1149: the y-axis shows the number at redshifts higher than z.
The left, middle, and right panels show the total galaxy numbers calculated using the Keeton, Sharon, and Williams group mass models
for each cluster, respectively. Similar to figure 3, the solid lines represent the galaxy numbers calculated using the fiducial model used in
C18, whereas the dashed lines indicate the galaxy numbers calculated using the model with evolving feedback. The black and red lines
denote the cumulative galaxy numbers corresponding to the hyperbolic and elliptic umbilic point singularities, respectively. The green
and blue lines represent the cumulative galaxy numbers corresponding to the swallowtail singularities for Aα3 - and A
β
3 -lines, respectively.
light-traces-mass (LTM) method with Gaussian smoothing
(zitrin ltm gauss). A more detailed comparison may become
possible in future with the availability of deep, high resolu-
tion images and construction of corresponding lens models.
4 RESULTS
Construction of singularity maps helps us in identifying the
high magnification regions in the lens plane of a given clus-
ter lens, which are obvious targets for the deep surveys.
The high sensitivity of A3-lines and point singularities to
the lens potential encouraged us to compare the singularity
maps corresponding to the different mass models for a clus-
ter lens, which are constructed using different techniques.
Such a comparison provides us information about the ef-
fects of the reconstruction methods and the presence of sub-
structures in a cluster lens on the singularity map. Future
observations of characteristic image formation around point
singularities may help distinguish between different models
based on present observations. In this section, we present
results of our study of the construction of singularity maps
for the HFF and RELICS clusters, followed by a comparison
of different mass models for a cluster lens (§4.1). In §4.2, we
study the stability of these singularity maps against the mass
model resolution and determined the optimal resolution to
construct the singularity map for a given lens. In §4.3, we
estimate the number of source galaxies lying near the point
singularities and the possibility of observing the correspond-
ing characteristic image formation in upcoming all-sky sur-
veys followed by the constraints on the source redshift using
the point singularities in §4.4.
4.1 Singularity Maps
We use the algorithm discussed in paper I to construct the
singularity maps for different lens models throughout this
work. In order to keep it concise, we only present singular-
ity maps corresponding to one cluster lens (A370) in this
article. The rest of the singularity maps are available on-
line (along with all the plots shown here) as supplementary
material. Figure 1, represents the singularity maps for A370
corresponding to four different mass models (please see Ta-
ble 1). In every panel, the red and green line are the A3-lines
corresponding to the α and β eigenvalues of the deforma-
tion tensor, respectively. The blue points show the hyper-
bolic and elliptic umbilics. The cyan and magenta colored
points represent the swallowtail singularities corresponding
to the α and β eigenvalues, respectively. Every map in fig-
ure 1 is a 40” × 40” central square region of the cluster with
center coordinates (in degrees) (39.971355, −1.582223). The
source redshift (zs) in the range between the lens redshift
and zs ≤ 10 is used here. Singularities in this range are
shown in these plots. Hence, the A3-lines trace the location
of cusps for sources up to a redshift of ten.
As one can see from figure 1, different singularity maps
show differences in the A3-line structures and the number of
point singularities. However, one can still identify an over-
all A3-line structure similar to an elliptical lens in every
panel, which represents the entire cluster as an elliptical
gravitational lens (please see paper I for singularity map
corresponding to an elliptical lens). These differences arise
mainly due to the fact that different groups use different
mass reconstruction methods, and the number of substruc-
tures used by different teams is also different. For example,
mass models from Keeton, Sharon, and Zitrin groups are
reconstructed using the parametric approach, which takes
into account different properties of the cluster substructures
as input and finds the best-fit parameters. On the other
hand, the non-parametric reconstruction by Williams group
uses no information regarding the cluster substructures as
an input. Hence, the singularity map corresponding to the
Williams group shows the simplest A3-line structure and
least number of point singularities as their reconstruction
method does not give significant weightage to the presence
MNRAS 000, 1–11 (2020)
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of cluster substructures. It is possible that substructure in
their models is suppressed to some extent due to averag-
ing over a large number of realizations in their approach.
Looking at the singularity maps corresponding to paramet-
ric mass models, one can see that different small scale struc-
tures introduce extra A3-lines and point singularities in the
singularity maps.
As mentioned above, due to the finite amount of obser-
vational data, one cannot achieve arbitrary high resolution
during cluster lens mass reconstruction. The finite resolution
of lens models also introduces a few problems in singularity
maps. The first problem is the noise in the singularity map,
which can be seen in the bottom right panel of figure 1. The
low resolution directly affects the shape of the A3-lines, and
it introduces spurious swallowtails point singularities as our
algorithm first identifies the A3-line and uses these to locate
swallowtail singularities. To eliminate the effect of the noise,
we do not include these spurious point singularities in our
further calculations. We mark these spurious point singu-
larities utilizing the fact that in the absence of noise, the
A3-lines are smooth lines, which can be seen in every panel
of figure 1 and 2. However, as the noise increases, points near
the A3-lines in the lens plane also contribute to the A3-line
and affect the local shape of the A3-line. This, by definition,
influence the number of swallowtails in the singularity map.
We manually inspect every singularity map and mark such
regions. The other problem that has been introduced due to
finite resolution are the missing point singularities. Some-
times when the distance between two similar kinds of point
singularities is less than the grid size, our method is resolu-
tion limited and it does not find these as two different point
singularities. Instead, it only assigns one point singularity
into that pixel. This mainly happens in the case of hyper-
bolic umbilics as pair of hyperbolic umbilic forms at the po-
sition of substructures in the singularity map. However, this
does not affect the overall cross-section of hyperbolic umbil-
ics significantly, as the number of such missed out points is
tiny, and most of these points get critical at very low red-
shifts. Hence the contribution of these (left out) points in
the cross-section is negligible.
The finite resolution of the mass models also affects the
size of the singularity map. Hence, we are only able to con-
struct singularity maps for the central region of the lens.
As one goes away from the central region, the length of A3-
lines, and the total number of point singularities increases.
However, the number of spurious structures introduced by
noise also increases. As a result, the number of point sin-
gularities that one can see in figure 1, should be considered
as the lower limit of the total number of point singularities
that one cluster lens has to offer.
4.2 Stability of Singularity Maps
One can deal with the above mentioned difficulties (noise
and the left out point singularities) by increasing the reso-
lution of the mass models. However, increment in resolution
can be computationally expansive. Apart from being com-
putationally expansive, the other point that one needs to
take into account is the stability of the singularity maps.
We know that the structures in a singularity map depend
on the lens potential and its higher-order derivatives in a
non-linear fashion. Hence, the question arises, whether the
increase in resolution can introduce new structures in a sin-
gularity map? Or do we reach convergence at some stage?
Addressing this question also helps us to find out the opti-
mal resolution for the construction of singularity maps. To
answer this question, we constructed singularity maps cor-
responding to mass models provided by the Williams group
for the HFF clusters with four different resolution values,
0.2”, 0.1”, 0.05”, and 0.02”. 3
Figure 2, shows the singularity map for MACS1149 with
four different resolution values, 0.2”, 0.1”, 0.05”, and 0.02”. It
is apparent that increasing the resolution of the mass models
helps us to better resolve the structures in the singularity
maps. It does not introduce any new significant structures
apart from the bottom right panel (resolution 0.02”), where
one extra loop of A3-line corresponding to β-eigenvalue along
with a swallowtail makes an appearance. This is the case, at
least in case of non-parametric modeling. This is because
there is no structure is smaller than the resolution 0.10” in
figure 2. However, in the case of parametric models, some
structures are very small even at a resolution of 0.05” and
one can miss these structures at a resolution of 0.10” or 0.20”.
This is also evident from the fact that in parametric models,
even at a resolution of 0.05”, some hyperbolic umbilics are
missed. Hence, the optimal resolution to construct singular-
ity maps, in the case of both parametric and non-parametric
modeling, should be of the order of 0.02”. This can be further
confirmed in case of parametric models by making singular-
ity maps with different resolutions, as we have done in fig-
ure 2, for non-parametric models. For non-parametric mass
models, somewhat low-resolution singularity maps can also
do the job. However, in the case of parametric modeling, one
should construct mass models with a resolution of at least
0.02” for construction of singularity maps. In general, the
resolution of mass models should be better than or at least
equal to the resolution of observations used to arrive at the
map for completeness.
4.3 Cross Section
Singularity maps can be used to study the variety of charac-
teristic image formation near point singularities. This then
becomes a template for searching different image types in
observations. We expect the upcoming surveys to yield a
number of systems, and a quantitative prediction requires
calculation of cross-section for each type of singularity.
Once we draw the singularity maps for different mass
models, the next task is to determine the number of char-
acteristic image formations near different kinds of unstable
singularities which can be observed in surveys with different
upcoming facilities. In order to make the estimate, we iden-
tify the range in redshift around the critical redshift z for
each point singularity. We wish to choose the range such that
the image formation can be identified as characteristic of the
given type of singularity. As discussed in the paper I and
3 The publicly available Williams group data files have a resolu-
tion of ≥ 0.2”. However, using data files provided by Prof. Liliya
Williams, we can (in principle) resolve their mass models with an
arbitrary resolution, as their mass models are superposition of a
large number of projected Plummer density profiles.
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mentioned above, image formation for different point singu-
larities evolves differently with redshift. Hence, the redshift
interval corresponding to different type of point singulari-
ties is also different. Source redshift comes in the equation
via distance ratio, a(= Ds/Dds). Therefore we determine the
corresponding distance ratio interval, [a − δa, a + δa] and use
it to deduce the appropriate redshift interval.
In the case of hyperbolic umbilic, one can observe
the characteristic image formation at redshifts significantly
smaller and larger than the critical redshift, and we choose
δa = 0.1a(z), where a(z) is the distance ratio at the criti-
cal redshift. The choice of δa in this way also automatically
takes into account the fact that at small source redshifts,
the caustics in the source plane evolve more rapidly com-
pared to the high redshifts. Hence, the distance ratio inter-
val, [a − δa, a + δa], for a point singularity is small for smaller
source redshifts. As we go towards higher source redshifts,
the size of the distance ratio interval increases. For swallow-
tail, one can only observe the characteristic image formation
beyond the critical redshift. So, in the case of swallowtail
singularity, the distance ratio interval modifies to [a, a + δa],
and the δa is taken to be equal to 7% of the distance ratio
at the critical redshift. For elliptic umbilic, the seven im-
age Y-shaped image formation can only be observed up to
the critical redshift. Hence, for elliptic umbilic, the distance
ratio interval modifies to [a − δa, a], and the δa is equal to
0.5% of the distance ratio at the critical redshift as elliptic
umbilics are highly sensitive to the redshift evolution. These
numbers are arrived at by manually inspecting the image
formation in a variety of cases.
Once we determine the redshift interval corresponding
to the different point singularities, we proceed to estimate
the area in the source plane around the caustics in which
the source must lie to produce characteristic image forma-
tion. As we know that the magnification factor for extended
sources is smaller than a point source (Diego 2019). Hence, if
a compact source such as a star lies near the caustics in the
source plane, then we get an observation of the characteris-
tic image formation. However, such sources are very rare in
cluster lensing (Kelly, et al. 2018), and mostly we observe
a galaxy as a source. We are mainly considering galaxies as
potential sources. We consider a circular area in the source
plane near the caustic structure corresponding to the point
singularities with a radius of 5 kpc. We have arrived at this
by manual inspection of images.
The remaining information that we need is the surface
density of the observed galaxies as a function of redshift.
However, the surface density of observed galaxies is sensi-
tive to the underlying models of galaxy formation and evo-
lution as well as the waveband and limiting magnitude. We
consider a recent study by Cowley, et al. (2018) (heareafter
C18) for JWST. In C18, a part of the work was to estimate
the number of galaxies observed in different bands of JWST,
considering an exposure time 104 seconds (please see C18 for
a detailed description). The useful quantity for our analysis,
surface density of observed galaxies, is shown in figures 9
and 10 of C18. Here, for simplicity, we only consider one
NIRCam filter, F200W, for our analysis.
Figure 3, represents the cumulative distribution of the
number of galaxies as a function of redshift which can pro-
vide us the characteristic image formation corresponding to
different point singularities for A370: we have plotted the
numbers expected at higher redshifts. Different panels in
figure 3 correspond to the singularity maps in figure 1 for
different mass models, respectively. The solid lines represent
the galaxy numbers with the fiducial model, and the dashed
lines correspond to a model with evolving feedback (please
see C18 for further details). The black, red, green, and blue
lines are cumulative source galaxy numbers that provide the
characteristic image formations corresponding to the hyper-
bolic umbilic, elliptic umbilic, swallowtail for Aα3 -line, and
swallowtail for Aβ3 -line, respectively.
As one can see from figure 3, the probability of finding
a source galaxy at z ≥ 1 with characteristic image formation
near hyperbolic umbilic or swallowtail for Aα3 -line is an or-
der of magnitude higher for the Keeton/Sharon group mass
models compared to the Williams group mass model. This
is due to the fact that the number of point singularities in
the Keeton/Sharon group mass models is much higher than
the Williams group mass models (please see figure 1). On
the other hand, the number of galaxies for the Zitrin group
mass model lies somewhat in between the galaxy numbers
for Keeton/Sharon and William models.
This difference in the number of observed galaxy sources
near point singularities can also be seen in figure 4. Fig-
ure 4 represents the composite cumulative distribution of
the number of galaxies near point singularities for five of
the HFF clusters that we are using for the present study.
The left, middle, and right panels correspond to the Keeton,
Sharon, and Williams group mass models, respectively. Here
we did not calculate the galaxy numbers near point singu-
larities for the Zitrin group mass models (zitrin nfw) as the
corresponding singularity maps contain spurious point sin-
gularities. However, the singularity maps are available online
(except for MACS1149 since the corresponding (zitrin nfw)
mass model is not available). One can again see that the
parametric mass reconstruction models give an order of mag-
nitude more source galaxies with characteristic image forma-
tions at redshifts & 1 compared to the non-parametric mass
reconstruction models. Given this pattern, singularity maps
corresponding to the non-parametric mass models can be
used to estimate the minimum number of expected charac-
teristic image formation in the upcoming surveys.
4.4 Redshift Measurements
We have mentioned above that point singularities are criti-
cal only for certain source redshifts, and the corresponding
characteristic image formation is only observable within a fi-
nite range for source redshift. This encourages us to ask the
question: can the point singularities be used to constrain
the source redshift as the corresponding characteristic im-
age formation is only visible within a specific redshift range?
In order to address this question, we consider the distance
ratio intervals, for characteristic image formation near differ-
ent kinds of point singularities. We find that point singular-
ities constrain the source redshift more strongly at smaller
source redshifts than higher source redshifts. For example,
if a hyperbolic umbilic is critical at source redshift one for
a lens at redshift 0.35, then the characteristic image forma-
tion is observable in the redshift range ≈ [0.85, 1.25]. If the
hyperbolic umbilic is critical at redshift below one, then the
redshift interval for the characteristic image formation fur-
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ther narrows down considerably. On the other hand, if the
hyperbolic umbilic is critical at redshift five, then the image
formation can be observed in the redshift range ≈ [2.2, 10].
The same argument can be also used for other point singu-
larities. However, for other point singularities the redshift
range is smaller than the redshift range for hyperbolic um-
bilic (please see previous subsection) and these can provide
stronger constraints on source redshift than the hyperbolic
umbilics, if observed. Hence, point singularities are more use-
ful in constraining the source redshift at smaller redshifts.
One can also understand such behavior from the fact that
the caustic structure evolves more rapidly at smaller red-
shifts compared to higher redshifts. The elliptic umbilic can
be useful at higher redshifts; however, the observation cross-
section for the corresponding image formation is negligible
(please see figure 3 and 4). It is also important to keep the
context of a known lens map for this discussion, if there are
uncertainties in the lens map then it may be better to find
out the source redshift to constrain the lens map.
5 CONCLUSION
We have constructed singularity maps corresponding to ten
different galaxy clusters selected from the HFF and the
RELICS survey. To construct singularity maps, we followed
the algorithm developed and discussed in the paper I. Such
a singularity map traces all the optimal sites for the upcom-
ing deep surveys in the cluster lens plane as well as mark
the locations of all the point singularities. Point singulari-
ties are very sensitive to the lens potential as these have a
non-linear dependence on higher-order derivatives of the lens
potential. Hence these are also sensitive to the mass recon-
struction methods as different methods use a different set of
assumptions to construct mass models. We have constructed
singularity maps corresponding to five of the HFF cluster
(Table 1), considering mass models reconstructed using both
parametric (Keeton, Sharon, and Zitrin groups) and non-
parametric (Williams group) techniques. On the other hand,
for five of the RELICS clusters, we only considered one mass
model (provided by the Zitrin group) for each cluster lens.
We find that the number of point singularities corresponding
to parametric and non-parametric mass models is very differ-
ent. The parametric models give a large number of point sin-
gularities compared to non-parametric models where only a
handful of point singularities are present (figure 1). This also
affects the estimated number of galaxy sources with charac-
teristic image formation as the parametric models yield an
order of magnitude large number of such sources compared
to non-parametric models (figure 3 and 4). We suspect that
the assumption of mass associated with each of the galax-
ies in the lensing cluster is the reason for this (Jullo, et al.
2007). As the number of point singularities corresponding
to the non-parametric mass models is the least, one can use
these models to compute the lower limit on the observation
of characteristic image formation in the upcoming all-sky
surveys. We find that the number of point singularities is sig-
nificantly higher than estimates in earlier studies (Orban de
Xivry & Marshall 2009). Recently Meneghetti et al. (2020)
pointed out an order of magnitude discrepancy in substruc-
ture lenses in the observed galaxy clusters (which are mod-
eled using parametric approach) and simulated galaxy clus-
ter. Following this, one can also expect an significant dif-
ference in the number of point singularities corresponding
to the parametric mass models obtained using observations
and simulations.
The key take away from our analysis is that the pre-
dicted number of instances of point singularities in cluster
lenses is likely to be much higher than estimated earlier (Or-
ban de Xivry & Marshall 2009). We expect to get at least
one hyperbolic umbilic and one swallowtail image forma-
tion for a source at z > 1 for every five clusters with JWST.
This estimation is based on the non-parametric mass models
corresponding to the Williams group, and it can be consid-
ered as a lower limit since the number of point singularities
is much higher in parametric models than non-parametric
models.
We have not considered galaxy lenses in our analysis.
Each galaxy scale lens has at least one pair of hyperbolic um-
bilics (as these are modelled as elliptical mass distributions
with more details thrown in) and sometimes a few swal-
lowtails (if a substructure also exists). Including the galaxy
lenses will further increase the possibility of observing the
image formations near point singularities.
Addition of substructure always adds more singular
points, hence the numbers and distribution of singular points
can be connected with the amount of substructure in clus-
ters. Image formation near a point singularity consists of
multiple images lying very close to each other in the lens
plane: the characteristic image formation being different for
each type of singularity. This opens up the possibility of mea-
suring the relative time delay between these images. Such
measurements are possible even if the multiple images are
not well resolved (Borra 2008). Along with the time delay
analysis, one can also construct an atlas of realistic image
configurations near point singularities for training and iden-
tification using machine learning programs in the upcoming
surveys (Davies, Serjeant & Bromley 2019). These possibili-
ties are the subject of our future studies and the results will
be presented in forthcoming publications.
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